In this paper we give a purely algebraic construction of the theory of residues of a Pfaff system relative to an invariant subscheme. This construction is valid over an arbitrary base scheme of any characteristic.
Introduction
In [2] , C. Camacho and P. Sad proved that if D is a holomorphic foliation (locally, a vector field) over a complex surface and p is a singular closed point of the foliation, then there exists a holomorphic curve passing through p and the solution of the foliation. Their proof is based in the theorem of reduction of singularities due to Seidenberg and in the introduction of an invariant associated with the singularity and with a curve passing through it and the solution of the foliation. They called this invariant an index. Since then the notion of index has been generalized, with the name of residue, for more general situations. In the case of a singular curve of the projective plane it is due to A. Lins Neto ([7] ). If the surface is a complete intersection of P n (C) it is due to M. Soares ([9] ) and for an arbitrary complex surface to T. Suwa ([10] ). In higher dimension, when the subvariety is nonsingular, it has been studied by B. Gmira ([3] ) and A. Lins Neto ([8] ), in the case of a hypersurface, and the general case is due to D. Lehmann ([6] ). Finally, in arbitrary dimension and for a singular subvariety, it is due to D. Lehmann and T. Suwa ([5] , [12] ). They use the differentiable structure underlying the analytic variety and the existence of connections.
In this paper we give a purely algebraic and far more general construction (valid in arbitrary characteristic) of the theory of residues of a Pfaff system P (without conditions of integrability), on an arbitrary T -scheme X and relative to a closed subscheme Y which is the solution of P. The only hypothesis that we make is that the normal module of Y over X be a coherent locally free O Y -module. We make a technical hypothesis about the module of differentials Ω Y /T : we suppose that the Koszul complex Kos • (Ω Y /T ) is acyclic. This is always true in characteristic 0 or when Ω Y /T is a flat O Y -module (in arbitrary characteristic). We think that the hypothesis is unnecessary, that is to say, it is always true (Conjecture 2.3).
The construction is based upon a new construction of the Atiyah extension (Theorems 1.1 and 1.2). This new construction allows one to relate the Atiyah extension there is a natural morphism Der N (O X , O X ) → End T (N ) and then a morphism
is the desired connection.
Koszul complex
The results of this section are well known. They are stated without proofs.
Let O be a sheaf of rings over a scheme Y , M an O-module and S • M its symmetric algebra.
Proposition. One has an isomorphism of S • M -modules
Definition. The inner contraction with D defines a complex
which we shall call the universal Koszul complex of M . In conclusion,
and the differential is the inner contraction with D.
Taking into account that
. With regard to it, i D has degree (−1, 1). If we take the induced simple graduation (that is, Λ p M ⊗ S q M has degree p + q), then i D is homogeneous of degree zero.
Definition. We shall denote Kos p • (M ) the homogeneous component of degree p of the complex Kos • (M ), considering the simple graduation associated with the bigraduation (p, q). That is, 
where the differential is the one induced by the differential of Kos
and the differential is the inner contraction with D f .
By definition one has that
where Id : M → M is the identity morphism. Analogously, one defines Kos p • (f ) as the homogeneous component of degree p of the complex Kos • (f ), by considering the simple graduation associated with the bigraduation
Functoriality: Given a commutative diagram of modules and morphism of modules
Analogously, for each p, one has a morphism of complexes Kos p
where the second member is an algebra with the cup product associated with the exterior product.
Chern classes
Let us denote Ω p Y /T = Λ p Ω Y /T . In this section we are always going to suppose that Kos • (Ω Y /T ) is acyclic. This is always true in characteristic zero, and in arbitrary characteristic if Ω Y /T is flat (see Theorems 2.1 and 2.2). This hypothesis is superfluous if Conjecture 2.3 is true.
For simplicity we shall denote Ω p Y = Ω p Y /T . Let us consider the (Hodge) cohomology ring
, and the cup product associated with the exterior product.
Let N be a locally free module over Y . The Atiyah
Residues of a Pfaff system relative to an invariant subscheme
Let X be a T -scheme. Let us denote Ω X the module of differentials of X over T .
where P is a locally free module of rank r. Equivalently, it is a derivation D : O X → P. Usually we shall simply say that P is a Pfaff system on X.
If P = Spec S • P * , and T X = Spec S • Ω X is the tangent "bundle", this is equivalent to giving a morphism P → T X .
In the context of analytic geometry, this would be a holomorphic foliation of dimension r, parametrized by T .
Definition. The singular locus of a Pfaff system P, is the set of points p ∈ X such that the morphism
is not an epimorphism, where k(p) denotes the residual field of p. We shall denote it by Sin(P).
Equivalently, it is the set of points where the morphism P → T X is not injective. If C is the cokernel of Ω X → P, then the singular locus of P is the support of C. So we shall give it a scheme structure by putting
For each point x ∈ X, let us denote O x the local ring at x and k(x) the residual field of x. Let us denote m
Definition. We shall denote by Sin(X) the set of points x ∈ X such that m x > d(X). It is a closed subset; indeed, it is the support of Λ 1+d(X) Ω X .
Definition. Let P be a Pfaff system on X and j : Y → X a closed subscheme. We say that Y is the solution of P, or that Y is invariant by P, if the morphism
In terms of the derivation D :
The main fact is the following: 
Proof. Let D : O X → P be the derivation associated with the Pfaff system. Since Y is the solution of P, one has that Dp ⊆ pP, so it induces a derivation 
Proof. Let us denote N = p/p 2 and
One has a commutative diagram
that induces a morphism of complexes
Restricting to U , the morphisms Ω Y → P |Y and Ω N [Y ] → P |Y are epimorphisms, so K and K are, over U , locally direct summands of Ω Y and Ω N [Y ] respectively, and the quotient K is isomorphic to End Y (p/p 2 ) * over U . Therefore Kos • (i P ) is a resolution of S • K on U . Given a sheaf F on Y , let us denote F U (resp. F S ) the sheaf supported on U (resp. on S). One has an exact sequence 0 → F U → F → F S → 0.
By the discussion above, one has that Kos • (i P ) U is a resolution of the sheaf (S • K) U = (S • End Y (p/p 2 ) * ) U and one has an inclusion
• is an extension of (S p End Y (p/p 2 ) * ) S by Ω p Y , and the natural morphism
, so the conclusion follows.
Remark. Let d be the minimum integer such that Λ d Ω Y = 0. The proof of the theorem shows that if p ≥ d − r, then the residues are localized not only in S = Sin(P |Y ) ∪ Sin(Y ) but in Sin(P |Y ).
Definition. Let Q be a homogeneous polynomial of l (= rank of N Y /X ) variables and degree p > d(Y ) − r (assume that the variable x i has degree i). If S α are the connected components of S = Sin(P |Y ) ∪ Sin(Y ), we shall denote by Res Sα (P, Q)
By construction and Theorem 3.1, one has that
is the natural morphism and c i (p/p 2 ) is i-th Chern class of p/p 2 with values in the Hodge cohomology.
Remarks. 1) In the complex analytic case the residues are usually expressed as localizations of the characteristic classes of the normal module p/p 2 * . Taking into account that c i (p/p 2 ) = (−1) i c i (p/p 2 * ), one can obtain the definition given in the literature for the complex analytic case from the one given here.
2) The proof of the latter theorem shows why the integrability of the Pfaff system is not neccesary. It is only neccesary that, out of the singular locus, the kernel of the morphism Ω Y → P |Y is a locally free module of rank d(Y ) − r.
Explicit computation. Hypothesis: Suppose that Y is smooth. Then S = Sin(P |Y ). Assume that S → Y is a locally complete intersection of codimension d. Then
and therefore the residue may be computed locally.
. We are going to define an element ω
which is called the Grothendieck symbol.
Since
that maps e 1 ∧ · · · ∧ e d into w, and then a morphism.
.
Then . . . , f d ) by the latter morphism.
Denote
, is the image of 1 by the morphisms
Local structure of the Pfaff system. Let C be the cokernel of Ω Y → P |Y . Let us consider the chain of closed subschemes S r−1 ⊂ · · · ⊂ S 2 ⊂ S 1 = S defined by S i = {y ∈ Y such that dim k(y) C y ⊗k(y) ≥ i}. S i is the closed subscheme defined by the Fitting ideal F i (C). If y ∈ S − S 2 , then, by Nakayama's lemma, there exist ω 1 , . . . , ω n basis of Ω Y,y , D 1 , . . . , D r basis of P |Y,y such that the matrix of the morphism Ω Y,y → P |Y,y is 
That is, Ω Y,y L ⊕ L and P |Y,y L ⊕ O and the morphism Ω Y , y → P |Y,y is Id ⊕ (f r , . . . , f n ).
Let e 1 , . . . , e l be a basis of (p/p 2 ) y = N . As it was shown in the proof of Proposition 1.1, this basis induces a splitting of the exact sequence 0
is the natural morphism. Remarks. 1) If Y is a proper variety over a field k, one has a canonical morphism
Therefore the residues Res Sα (D, Q) may be considered as numbers (taking their image into k under that morphism). The formula ( * ) gives us the global sum of these numbers along the subvariety Y .
2) If Y is a variety over a field k and S α are closed points, one has canonical morphisms
→ k and therefore the residues Res Sα (D, Q) may be understood as numbers. If in addition Y is a proper variety, the morphism
∼ → k, so the formula ( * ) gives the global sum of these numbers.
Explicit computation (for a vector field).
Let us assume that Y is a smooth variety over a field k and that S α is a closed point, denoted by p. Let x 1 , . . . , x d be a system of parameters at p and e 1 , . . . , e l a basis of p/p 2 at p. Let D be a local generator of D * → T X at p. Let 
(In the right side, Res p denotes the ordinary residue of a differential form.)
Proof. It follows from 4.3, taking into account that under the canonical morphism
Case of a blowing up. Let Z be an irreducible component of codimension d of the singular locus of a vector field D on X. Let p be the generic point of Z, X p = Spec O p and X → X p the blowing up at p. Let E be the exceptional fibre, which is a projective space of dimension d − 1 over k(p) = field of meromorphic functions of Z. The vector field in X induces another in X , that we denote D . Locally this is given as follows: Let x 1 , . . . , x n be local parameters at a closed nonsingular point of Z, such that Z = {x 1 = · · · = x d = 0}. Let
Theorem 4.6. Let q i be the generic points of the singular locus of D . For each q i there exists a "number" in k(p), denoted by Res qi (D, E) , such that
. Moreover, if q i has the same codimension as p, then
where g = homothety induced by the vector field in (N E/X ) qi and f 2 ∂ ∂x 2 + · · · + f d ∂ ∂x d is a local generator of (D ) * |E → T E/k(p) at q i (x 2 , . . . , x d is a local system of parameters at q i , considering E as a variety over k(p)).
Now we see the relation between the residue and the linear part of the vector field, for singularities of codimension 2.
Let p be a singular point of a vector field D, O p the local ring at p and m the maximal ideal. If D is a local generator of D * at p, it induces an endomorphism
which is not zero if and only if D has multiplicity 1 at p. We say that L p is the linear part of the vector field at p. Proof. 1) and 2) follow from Theorem 4.6. 3) follows from Theorem 4.6 and from the equality
This corollary generalizes the properties of the residue of Camacho and Sad on surfaces for singularities of codimension 2.
